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Abstract
Conformal field theory at c = −2 provides the simplest example of a theory with
“logarithmic” operators. We examine in detail the (ξ, η) ghost system and Coulomb
gas construction at c = −2 and show that, in contradistinction to minimal models,
they can not be described in terms of conformal families of primary fields alone
but necessarily contain reducible but indecomposable representations of the Virasoro
algebra. We then present a construction of “logarithmic” operators in terms of
“symplectic” fermions displaying a global SL(2) symmetry. Orbifolds with respect to
finite subgroups of SL(2) are reminiscent of the ADE classification of c = 1 modular
invariant partition functions, but are isolated models and not linked by massless
flows.
1 Introduction
Two-dimensional conformally invariant field theories feature prominently in two areas of
theoretical physics: they provide the perturbative vacua of string theory and they serve
as a framework for understanding second order phase transitions of statistical systems.
The success of conformal field theory is due to the fact that in two dimensions conformal
transformations coincide with analytic coordinate transformations generated by the holo-
morphic and anti-holomorphic components of the stress tensor. This results in an infinite-
dimensional local conformal algebra consisting of two commuting copies of the Virasoro
algebra. The conformal anomaly c, called the central charge of the Virasoro algebra, is the
main parameter characterising a conformal field theory. In their seminal paper [1] Belavin,
Polyakov and Zamolodchikov showed that for the minimal series, c = 1 − 6(p − p′)2/pp′
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with coprime integers p, p′ > 1, there are only a finite number of irreducible representations
of the Virasoro algebra. In such a situation the space of states decomposes into represen-
tations of the left and right Virasoro algebra and the partition function can be written as
a finite sum over holomorphic times anti-holomorphic characters. A conformal field theory
with periodic boundary conditions can naturally be thought of as defined on a torus. This
implies the invariance of the partition function under modular transformations. Using this
requirement Cappelli, Itzykson and Zuber were able to classify the partition functions for
the minimal models [2, 3].
Going beyond the minimal series the simplest example of a conformal field theory is
provided by a free massless scalar field. The Virasoro algebra generated from the stress-
energy tensor has central charge c = 1. If one compactifies the scalar field to take values on
a circle of radius ρ the primary fields are classified by their momenta and winding numbers
which, by locality, are forced to lie on a lattice resulting in the Coulomb gas partition
function Z(ρ). At the radius ρ = 1 one obtains the SU(2) WZW model at level one which
possesses a global SU(2) symmetry. In this situation one can form orbifold models [4] for
any subgroup Γ ⊂ SU(2) introducing additional sectors with twisted boundary. From the
A-D-E classification of finite subgroups of SU(2) [5] one can obtain a classification of c = 1
modular invariant partition functions [6, 7].
Attempts to study more general conformal field theories beyond the above examples
have produced a wealth of examples but their understanding is still rather sketchy. In this
paper we shall consider models at c = −2, in particular the fermionic (ξ, η) system. It
is related to the continuum limit of dense polymers [8] and is generated by two fermionic
ghost fields of weight zero and one. It is also of interest for the ghost sector of superstring
theory [9]. The system has a U(1) symmetry allowing the introduction of twist fields. The
partition function of the (ξ, η) system with Z2N twist is the same as that of a free boson
compactified on a circle of radius N
√
2, however with a different choice of vacuum state.
The system is thus modular invariant but has a charge asymmetry and non-vanishing
correlation functions require the insertion of a ξ zero-mode. The model also contains fields
which are neither primary fields nor descendants of a primary field. They form reducible
but indecomposable representations of the Virasoro algebra.
The same features occur in the Coulomb gas construction of minimal models where
one introduces screening charges and performs a BRST projection to remove the reducible
representations. In the case of the (ξ, η) system the analogous procedure is to go to the
kernel of η0. This defines a “small” algebra generated by ∂ξ and η. On the “small” algebra
the U(1) symmetry is enhanced to an SL(2) symmetry. This symmetry is only global and
hence not generated by a Kac-Moody algebra but related to a W-algebra. Twisting the
“small” algebra results in characters which do not transform in any simple way under the
modular group.
The 4pt function of the twist field calculated from the null vector and monodromy
constraints has a logarithmic singularity. This implies that the fusion of twist fields in the
“small” algebra results in fields forming two-dimensional Jordan cells for L0 [10]. These
“logarithmic” operators extend the space of fields of the “small” algebra and we present a
construction in terms of “symplectic” fermions displaying a SL(2) symmetry. We construct
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orbifolds with respect to finite subgroups of SL(2), following the procedure employed in
the c = 1 case [6], and investigate the effect of perturbing the orbifold models by marginal
operators.
2 The (ξ, η)-ghost system
The (ξ, η) system is defined by the action
S =
1
2π
∫
d2z
(
η∂¯ξ + η¯∂ξ¯
)
, (1)
where ξ and η denote holomorphic fermionic ghost fields of dimension 0 and 1. The
corresponding operator product expansion is
ξ(z)η(w) = η(z)ξ(w) =
1
z − w +O(1). (2)
Equivalent relations are satisfied by anti-holomorphic ghost fields ξ¯ and η¯. When consid-
ering chiral fields we shall frequently omit mention of the anti-holomorphic components.
Introducing the mode expansion
ξ(z) =
∑
n∈Z
ξnz
−n, η(z) =
∑
n∈Z
ηnz
−n−1, (3)
we obtain from the short distance singularity (2) the anti-commutator
{ξm, ηn} = δm+n,0, (4)
while the other anti-commutators vanish. The stress tensor has central charge c = −2 and
is given by
T (z) =
∑
n∈Z
Lnz
−n−2 = :∂ξ(z)η(z):, (5)
where the : · · · : denotes fermionic normal ordering, that is, the annihilation modes are
moved to the right with a minus sign whenever two fields are interchanged. The sl(2,C)-
invariant vacuum Ω is characterised by ξmΩ = 0, ηnΩ = 0, for m > 0, n ≥ 0.
The (ξ, η) system has a U(1) symmetry which is generated by the natural U(1) current
J(z) = :ξ(z)η(z):, (6)
which counts ξ with charge 1 and η with charge −1. We can thus consider twist fields σλ
such that
ξ(e2πi z)σλ(0) = e
2πiλ ξ(z)σλ(0), (7)
η(e2πi z)σλ(0) = e
−2πiλ η(z)σλ(0). (8)
This implies that acting on the twisted sector Mλ generated by σλ the fermion fields have
boundary conditions in the angular direction
ξ 7→ e2πiλ ξ, η 7→ e−2πiλ η.
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and a mode expansion
ξ(z) =
∑
m∈Z
ξm−λz
−m+λ, η(z) =
∑
m∈Z
ηm+λz
−m−1−λ. (9)
The operator product expansion of ξ(z) and η(w) remains the same when acting on a
twisted representation. By multiplying it with appropriate powers of z and w,
z−λwλξ(z)η(w) = z−λwλ
(
1
z − w + J(w) + (z − w)T (w) + · · ·
)
, (10)
we get an equation which can be expanded in integral powers of z and w. Applying the
usual contour deformation argument we obtain
J(z) = :ξ(z)η(z):λ + λz
−1, (11)
T (z) = :∂ξ(z)η(z):λ +
λ(λ− 1)
2
z−2. (12)
In the normal ordered products all annihilation modes ξm−λ and ηm−1+λ with m > 0 are
moved to the right. We denote the vacuum state with respect to this normal ordering by
σλ. It has U(1)-charge λ and conformal weight
hλ =
λ(λ− 1)
2
. (13)
Shifting the value of λ by one does not change the boundary conditions and results in
equivalent expressions for J and T since the shift in the scalar terms is compensated by
a change in the normal ordering prescription. Thus, σλ and σλ+1 are in the same twisted
sectorMλ. The twist field σλ with 0 ≤ λ < 1 is the ground state of the twisted sector. The
other fields σλ+n are excited twist fields which can be obtained from the ground states by
acting with creation modes ξm−λ and ηm−1+λ with m ≤ 0. When λ 6∈ Z there are no zero
modes of ξ and η and the ground state is non-degenerate, while for λ ∈ Z we obtain the
vacuum representation with ground states Ω = σ0 and ξ0Ω = σ1. To count the operator
content of the various sectors we introduce the U(1)× Vir character
dµ,λ(τ) = trMλ
(
e2πiµJ0 qL0−
c
24
)
= e−2πiµλ q(1−6λ(1−λ))/12
∞∏
n=1
(
1 + e2πiµ qn+λ−1
) (
1 + e−2πiµ qn−λ
)
(14)
= η(τ)−1 e−2πiµλ
∑
m∈Z
e2πiµm q
1
2
(m+λ− 1
2
)2 ,
where q = exp(2πiτ) and η(τ) is the Dedekind function,
η(τ) = q
1
24
∞∏
n=1
(1− qn). (15)
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For the full theory we have to take into account both the left and right movers. We shall
exclusively consider diagonal theories so that the contribution to the partition function
arising from a sector with boundary conditions µ and λ is
Dµ,λ(τ) = |dµ,λ(τ)|2. (16)
These D functions also arise as determinants of the Laplacian in the calculation of a free
field partition function with boundary conditions − exp(2πiµ) and − exp(2πiλ), see e.g.
[11].
The partition function of the (ξ, η) system twisted by a cyclic subgroup of U(1) is
obtained by summing over all (twisted) sectors and keeping only the twist-invariant states.
If we twist by a cyclic group C2N of even order, only bosonic states survive in the partition
function which can then be obtained by summing the contributions of the left and right
movers over all boundary conditions,
ZN(τ) =
1
2N
2N−1∑
k,l=0
Dk/(2N),l/(2N)(τ) =
1
|η(τ)|2
4N2−1∑
n=0
|Θn,2N2(τ)|2 . (17)
The last equality expresses the partition function as a sum of theta functions (see Ap-
pendix A),
Θn,m(τ) =
∑
k∈Z
qm(k+
n
2m
)2 . (18)
Defining as in [11] the Coulomb gas partition function at radius ρ as
Z(ρ, τ) =
1
|η(τ)|2
∑
m,n∈Z
q
1
4
(mρ+n/ρ)2 q¯
1
4
(mρ−n/ρ)2 , (19)
we find
ZN(τ) = Z(N
√
2, τ). (20)
In the normalisation of [6] this corresponds to a Coulomb gas partition function at radius
r = 2N . The partition function is modular invariant as can be seen from the transformation
formulae for theta functions.
If we twist by a cyclic group CN of odd order N the partition function
ZNSN (τ) =
1
N
N−1∑
k,l=0
D k
N
, l
N
(τ) (21)
obtained by summing over CN boundary conditions still contains fermions. It is invariant
under the subgroup of the modular group generated by T and ST 2S. The fermions are
Neveu-Schwarz fields, single-valued both on the plane and on the cylinder. To obtain a
modular invariant partition function we have to consider the possible spin structures,
Z˜NSN (τ) =
1
N
N−1∑
k,l=0
D k
N
+ 1
2
, l
N
(τ), (22)
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ZRN(τ) =
1
N
N−1∑
k,l=0
D k
N
, l
N
+ 1
2
(τ), (23)
Z˜RN(τ) =
1
N
N−1∑
k,l=0
D k
N
+ 1
2
, l
N
+ 1
2
(τ). (24)
In the Ramond sector the fermions are double-valued on the plane and the cylinder. The
partition functions Z˜NSN and Z˜
R
N have an additional insertion of the chirality operator
(−1)F . Summing over all spin structures results in the partition function of the bosonic
C2N model,
ZN(τ) = Z
NS
N (τ) + Z˜
NS
N (τ) + Z
R
N(τ) + Z˜
R
N(τ), (25)
expressing the fact that twisting by Z2 = {1, (−1)F} results in C2N = Z2 × CN for odd N .
2.1 Bosonisation
The connection between the (ξ, η)-system and a Coulomb gas goes beyond an equality of
partition functions. It extends to correlation functions and operators as well. To go to the
Coulomb gas formalism we bosonise the chiral (ξ, η) system using the natural U(1)-current
(6),
J(z) = i∂x(z), (26)
where x(z) is (the left moving component of) a free scalar field with propagator
〈x(z)x(w)〉 = − ln(z − w). (27)
Because of the logarithmic propagator x(z) is not itself a Virasoro primary field but deriva-
tives and Wick ordered exponentials of x(z) are. The holomorphic ghost fields can be
realised as
ξ(z) = :eix(z):, η(z) = :e−ix(z):, (28)
such that the stress tensor (5) takes the familiar Feigin-Fuchs form,
T (z) = −1
2
(∂x(z))2 +
i
2
∂2x(z). (29)
The twist fields σλ are represented by the vertex operators :exp(iλx(z)): with conformal
weight λ(λ − 1)/2. The twisted sector Mλ is given as the sum of Fock spaces Fµ with
µ ∈ λ + Z. This reproduces exactly the characters, correlation functions and operator
formalism of the (ξ, η) system. We proceed analogously to define anti-chiral fields x¯, ξ¯, η¯.
In the Coulomb gas picture one considers the free scalar fieldX(z, z¯) = (x(z)+x¯(z¯))/
√
2
with propagator 〈X(z, z¯)X(w, w¯)〉 = − ln |z−w|. It is assumed to be an angular variable,
X ≡ X + 2πρ, in other words, it is compactified on a circle of radius ρ. The basic fields
are the electro-magnetic operators given by vertex operators Vλ,λ¯ = :exp(iλx(z) + iλ¯x¯(z¯)):
such that they are invariant under a shift X → X + 2πρ and that X has a discontinuity
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of 2πρm around a vertex operator Vλ,λ¯. This implies that the left and right U(1)-charges
are quantised as
λ =
1√
2
(
n
ρ
+mρ
)
, λ¯ =
1√
2
(
n
ρ
−mρ
)
,
with integers m and n. All other fields are obtained by multiplying with derivatives of
the scalar field. The states are given by Fock spaces Fλ,λ¯ with Vλ,λ¯ corresponding to the
momentum ground states.
Setting now ρ = N
√
2 for the C2N model we obtain 4N2 sectors Hj each being a sum
of Fock spaces Fλ,λ¯ with left and right U(1)-charges
λ = 2Nn +
j
2N
, λ¯ = 2Nn¯ +
j
2N
, n, n¯ ∈ Z. (30)
Each sector Hj contributes a term |η(τ)−1Θj−N2,2N2(τ)|2 to the partition function (17).
The set of charges (30) is the same as for the C2N twisted (ξ, η) system. We thus have a
one-to-one correspondence of the C2N model and the Coulomb gas model at radius ρ and
central charge c = −2. This correspondence is not just at the level of correlators and the
partition function but extends to the operator formalism as well.
Due to the conserved U(1)-currents J, J¯ the U(1)-charges behave additively under op-
erator products,
Vλ,λ¯(z, z¯)Fµ,µ¯ ⊂ Fλ+µ,λ¯+µ¯.
Hence, the fusion rules respect the charges, Hj ×Hk = Hj+k. But because of the Feigin-
Fuchs form of the stress tensor the U(1)-current is not a Virasoro primary field,
T (z)J(w) =
−1
(z − w)3 +
J(w)
(z − w)2 +
∂J(w)
z − w +O(1). (31)
As a consequence the system has a charge asymmetry, J†0 = 1 − J0. This can be seen by
taking the adjoint of the [T, J ] commutator [9] or by looking for a definition of adjoint for
J leaving the Feigin-Fuchs form of the stress-tensor invariant [12]. The charge asymmetry
implies anomalous charge conservation in correlation functions,〈
Vλ1,λ¯1(z1, z¯1) · · ·Vλn,λ¯n(zn, z¯n)
〉
= 0, unless Σλi = Σλ¯i = 1. (32)
Translated to the fermionic formulation this means that correlators are non-vanishing only
if they contain exactly one unpaired ξ and ξ¯ field. In particular, we have two degenerate
vacua, the Mo¨bius invariant vacuum Ω and ξ0ξ¯0Ω such that 〈Ω|ξ0ξ¯0|Ω〉 = 1. As a further
consequence of the charge asymmetry it is not possible to have an inner product (·, ·) on
the vacuum sector compatible with L†n = L−n. In fact, (v, w) can be non-vanishing only if
v ∈ Hj and w ∈ H2N−j. A further problem is the appearance of fields which are neither
primary fields nor descendents of a primary field. The simplest example is the current
J which gets mapped into the conformal family of the identity by the action of T . The
representation of the Virasoro algebra generated from the current J is thus a reducible but
indecomposable representation.
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The lack of an inner product and the appearance of reducible representations of the
Virasoro algebra is a result of the charge-asymmetry and does not occur in Virasoro min-
imal models. In the Coulomb gas construction of Virasoro minimal models one therefore
introduces screening charges which change the U(1)-charge but commute with the Virasoro
algebra. The physical states of the minimal model are defined through a BRST resolution
[12]. This identifies the two ground states and removes the reducible representations of
the Virasoro algebra leaving only the field content of the minimal model. In our case the
screening charge corresponds to η0 and the usual “physical” space ker η0/ im η0 is trivial,
as observed in [8]. We can, however, take the kernel of η0 without going to the quotient.
This defines a “small” algebra which we discuss in the next section.
3 The “small” algebra
It was noted in [9] that the (ξ, η) system contains a “small” algebra generated by ∂ξ and η.
In this section we show that this “small” algebra can be characterised as the kernel of η0
on the space of states for the (ξ, η) system. It has a unique ground state and is completely
reducible into Virasoro highest highest weight representations.
Let us return to the chiral untwisted (ξ, η) system. Its space of states is spanned by
lexicographically ordered monomials of the creation modes ξm, m ≥ 0 and ηm, m > 0 acting
on the Mo¨bius invariant vacuum Ω. The operator η0 vanishes on all states not containing
the mode ξ0 since η0 and ξ0 are conjugate operators. The correspondence of states and
fields is
ξ−m1 · · · ξ−mrη−n1−1 · · · η−ns−1Ω←→ :
∂m1ξ(z)
m1!
· · · ∂
mrξ(z)
mr!
∂n1η(z)
n1!
· · · ∂
nsη(z)
ns!
:.
The zero mode ξ0 can only be generated by the field ξ(z) and is not present in derivatives
of ξ(z). Hence, if we start off with states not containing ξ0 the zero mode does not get
generated. We can therefore consistently restrict to the kernel of η0. This space is spanned
by ordered monomials of the negative modes ξm, ηm, m < 0 acting on the vacuum Ω. All
the fields can be generated by taking derivatives and normal ordered products of ∂ξ and η.
This is the “small” algebra of [9]. For any state v in the “small” algebra there is a second
state ξ0v in the (ξ, η) system.
Both ∂ξ and η are Virasoro primary fields of dimension one and have U(1)-charges ±1.
We can put them on equal footing by writing them as the two components of a fermionic
dimension one field ψ,
ψ+(z) = η(z), ψ−(z) = ∂ξ(z). (33)
The anti-commutator (4) reads then
{ψαm, ψβn} = mJαβδm+n, (34)
where the anti-symmetric tensor J is defined as J+− = −J−+ = 1. For the stress tensor
we find
T (z) =
1
2
Jαβ:ψ
α(z)ψβ(z):, (35)
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where Jαβ is the inverse of J
αβ . The space of states of the “small” algebra is given by
ordered monomials of negative modes of ψ+ and ψ− acting on the vacuum. Because of
Fermi statistics each mode appears at most once.
Correlation functions of the ψ field can easily be calculated using a fermionic version
of Wick’s theorem and are given by the Pfaffian
〈ψα1(z1) · · ·ψα2n(z2n)〉 = Pf
(
Jαiαj
(zi − zj)2
)
. (36)
The “small” algebra is determined completely by the anti-commutators (34) of the
generating fermion fields and the expression (35) for the stress tensor. It has a global
SL(2) symmetry, which we will call isospin, acting on the basic fermion field ψ according
to
g:
(
ψ+
ψ−
)
7→
(
g11 g12
g21 g22
)(
ψ+
ψ−
)
with the matrix gij in SL(2). We can choose an explicit basis of the Lie algebra sl(2),
acting on the basic fermion field ψ as
J0ψ± = ±1
2
ψ±, J±ψ± = 0, J±ψ∓ = ψ±, (37)
and on their products in the usual way. The basic fermion field ψ thus transforms as the
isospin 1
2
representation of sl(2). The original U(1)-symmetry of the (ξ, η) system is the
U(1)-subgroup generated by J0.
The space of states will decompose into representations of SL(2)× Vir. The Virasoro
primary states in the isospin j multiplet can be obtained explicitly as
φj,m = ψ
(+
−2j · · ·ψ+−j+m ψ−−j+m+1 · · ·ψ−)−1Ω, (38)
where j ∈ 1
2
Z, m = −j,−j + 1, . . . , j and we symmetrise over the signs. The generating
fermions ψ± form the isospin 1
2
multiplet. The structure constants for the φj,m fields are
invariant under SL(2), that is, they are Clebsch-Gordan coefficients up to some normali-
sation factor.
The fields with half-integral isospin are fermionic while the fields with integral isospin
are bosonic. The bosonic sector is generated by the isospin 1 fields,
W+ = φ1,1 = ∂ψ+ψ+, (39)
W 0 = φ1,0 =
1
2
(
∂ψ+ψ− + ∂ψ−ψ+
)
, (40)
W− = φ1,−1 = ∂ψ−ψ−. (41)
As they are of dimension three they do not form a Kac-Moody algebra but a W-algebra
[13] with operator product expansion
T (z)T (w) ∼ −1
(z − w)4 +
2T (w)
(z − w)2 +
∂T (w)
z − w , (42)
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T (z)W j(w) ∼ 3W
j(w)
(z − w)2 +
∂W j(w)
z − w , (43)
W i(z)W j(w) ∼ gij
(
1
(z − w)6 − 3
T (w)
(z − w)4 +−
3
2
∂T (w)
(z − w)3 +
+
3
2
∂2T (w)
(z − w)2 − 4
(T 2)(w)
(z − w)2 +
1
6
∂3T (w)
z − w − 4
∂(T 2)(w)
z − w
)
(44)
−5f ijk
(
W k(w)
(z − w)3 +
1
2
∂W k(w)
(z − w)2 +
1
25
∂2W k(w)
z − w +
1
25
(TW k)(w)
z − w
)
,
where gij is the metric on the isospin one representation, g+− = g−+ = 2, g00 = −1, and
f ijk are the structure constants of sl(2), such that f
ijk = f ijl g
lk is totally antisymmetric
and normalised to f+−0 = 2.
Each isospin j multiplet appears exactly once in the “small” algebra as can be seen by
introducing the sl(2)× Vir character
χ(τ, z) = tr
(
wJ
0
qL0−
c
24
)
, (45)
where w = exp(2πiz). The fields φj,m have conformal weight j(2j + 1) which corresponds
to h2j+1,1 in the Kac-table for c = −2. The Virasoro character for each of the φj,m is thus
χVir2j+1,1(τ) = q
1/8η(τ)−1
(
qj(2j+1) − q(j+1)(2j+1)
)
The sum over the isospin j multiplets is then
χ(τ, z) =
∑
j∈ 1
2
Z≥0
j∑
k=−j
wkχVir2j+1,1(τ)
= η(τ)−1
∞∑
l=−∞
wl/2 − w−l/2
w1/2 − w−1/2 q
(2l−1)2/8. (46)
This agrees with the direct calculation
χ(τ, w) = q
1
12
∞∏
n=1
(1 + w
1
2 qn)(1 + w−
1
2 qn). (47)
The Ramond sector, with ground state energy h = −1/8, decomposes in the same way
into isospin multiplets with each multiplet appearing exactly once. The Virasoro primary
states χj,m in the isospin j multiplet of the Ramond sector can be obtained explicitly as
χj,m = ψ
(+
−2j+1/2 · · ·ψ+−j+m+1/2 ψ−−j+m+3/2 · · ·ψ−)−1/2σ1/2, (48)
where j ∈ 1
2
Z, m = −j,−j + 1, . . . , j and we symmetrise over the signs. Due to the half-
integral moding, χj,m has conformal weight 2j2 − 1/8, which corresponds to h2j+1,2 in the
Kac-table. Their Virasoro characters are
χVir2j+1,2(τ) = η(τ)
−1
(
q2j
2 − q2(j+1)2
)
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leading to the sl(2)× Vir character for the Ramond sector
χR(τ, z) =
∑
j∈ 1
2
Z≥0
j∑
k=−j
wkχVir2j+1,2(τ)
= η(τ)−1
∞∑
l=−∞
wl/2ql
2/2 (49)
= q−
1
24
∞∏
n=1
(1 + w
1
2 qn+
1
2 )(1 + w−
1
2 qn+
1
2 ).
Starting with the “small” algebra one can repeat the orbifold constructions of the previous
section. The characters of the twisted sectors will be unchanged. However, the character
(46) of the untwisted sector has no nice modular transformation properties. Take for
example the C2 orbifold. The characters of the four (chiral) sectors are
χ0(τ) =
1
2
(
Θ1,2(τ)
η(τ)
+ η(τ)2
)
, χ1(τ) = η(τ)
−1Θ0,2(τ),
χ2(τ) =
1
2
(
Θ1,2(τ)
η(τ)
− η(τ)2
)
, χ3(τ) = η(τ)
−1Θ2,2(τ).
(50)
The partition function should be the diagonal combination of these characters. But the
characters χ0 and χ2 are sums of a modular function and a modular form of weight one.
Defining formally an action of the modular group on these characters results in characters
having an additional prefactor of log q = 2πiτ ,
χ0(−1/τ) = 1
4
χ1(τ)− 1
4
χ3(τ)− iτ
2
η(τ)2, (51)
χ1(−1/τ) = χ0(τ) + 1
2
χ1(τ) + χ2(τ) +
1
2
χ3(τ), (52)
χ2(−1/τ) = 1
4
χ1(τ)− 1
4
χ3(τ) +
iτ
2
η(τ)2, (53)
χ3(−1/τ) = −χ0(τ) + 1
2
χ1(τ)− χ2(τ) + 1
2
χ3(τ). (54)
The situation for a general C2N orbifold is analogous. The twisted sectors are the same
as for the (ξ, η)-system while the untwisted sector splits into linear combinations of η(τ)2
and terms involving theta functions, η(τ)−1Θ(2k−N)N,2N2(τ) for k = 0, . . . , 2N − 1. For a
discussion of these issues and an attempt at a physical interpretation and construction of
modular invariant partition functions see [14].
3.1 Bosonisation and fusion
The C2-twisted (ξ, η) system and “small” algebra share many features with minimal models:
The central charge c = −2 can be obtained from the minimal model formula
c = 1− 6(p− p
′)2
pp′
(55)
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for (p, p′) = (1, 2). The conformal weights can all be found in the Kac-table as
hn,n′ =
(2n− n′)2 − 1
8
(56)
corresponding to the U(1)-charges λn,n′ = −n+(n′+1)/2. The C2N model for higher twists,
N > 1, can not be interpreted in minimal model language since they involve fields with
non-integral labels in the Kac-table. However, neither C2 model should strictly be called
a (1, 2) minimal model for the following reasons. Firstly, both models contain an infinite
number of Virasoro primary fields in contrast to the usual minimal models. Secondly, the
treatment of minimal models following Belavin, Polyakov and Zamolodchikov [1] supposes
a specific embedding structure of Virasoro modules and Fock spaces which is only the case
for p, p′ > 1 and relatively prime [15]. And thirdly, both models contain fields which belong
to reducible but indecomposable representations of the Virasoro algebra.
In the (ξ, η) system the operator product expansions of the Ramond-fields can easily
be calculated in the bosonised formalism and one obtains, for example,
χ0,0(z)χ0,0(w) ∼ (z − w) 14
{
ξ(w) +
1
2
ψ−(w)(z − w) + · · ·
}
(57)
χ0,0(z)χ
1
2
, 1
2 (w) ∼ (z − w)− 14
{
1+
1
2
J(w)(z − w)
+
(
1
4
T (w) +
1
8
∂J(w)
)
(z − w)2 (58)
+
(
5
48
∂T (w) +
1
32
∂2J(w) +
1
24
W 0(w)
)
(z − w)3 + · · ·
}
On the right hand side we find the conformal families generated by the Virasoro primary
fields of the identity, φ0,0 = 1, the isospin 1/2 field φ1/2,−1/2 = ψ− = ∂ξ and the isospin 1
field φ1,0 = W 0. But we also produce the fields ξ and J generating reducible representa-
tions, such that
L1J = −Ω,
(
L−2 − 1
2
L2−1
)
J = W 0, L−1ξ = ψ
− (59)
on the states. The fact that the identity and J are coupled in one reducible representation
makes it possible for the identity to appear in the operator product of two primary fields
of different conformal weight.
Correlation functions for the “small” algebra can be calculated from null vector con-
straints: The states χj,m have null vectors at level 2(2j + 1) and as a consequence the 4pt
function 〈χj1,m1(z1) · · ·χj4,m4(z4)〉 satisfies a Fuchsian differential equation. For the full,
non-chiral 4pt function we have to take linear combinations of the chiral and anti-chiral
solutions to the differential equations such that the full correlator has no monodromy. The
generic solution of the differential equation and monodromy conditions is given by the inte-
gral representation of Dotsenko and Fateev [16]. Consider now specifically the 4pt function
12
for the ground state of the Ramond sector, µ(z, z¯) = χ0,0(z)χ¯0,0(z¯). The 4pt correlator
〈µµµµ〉 calculated according to [16] vanishes identically. This can be traced back to the
Fuchsian differential equation satisfied by the correlators acquiring exponents differing by
an integer. Hence some solutions of the differential equation become degenerate. The lin-
ear combination of these degenerate solutions appearing in the correlation function is such
that they cancel identically. The generic solution of [16] is only valid in the non-degenerate
case. To get a non-zero result one has to consider the c→ −2 limit and obtains [8]
〈µµµµ〉 = |z12z34| 12 |x(1− x)| 12
(
F (x)F (1− x) + F (1− x)F (x)
)
, (60)
where x = (z12z34)/(z13z24) is the cross-ratio and F (x) is the hypergeometric function
F (x) = 2F1(
1
2
, 1
2
; 1; x).
This result can be obtained without taking limits in the C2 twisted “small” algebra using the
techniques of [17] or by directly solving the differential equation and monodromy conditions
at c = −2 [10].
Conformal invariance fixes 4pt functions up to a function of the cross-ratios x, x¯. This
function can be written as a sum over products of a chiral conformal block times an anti-
chiral conformal block corresponding to the various fields propagating in the intermediate
channel. If we keep z1 near z2 and z3 near z4 and pull the two pairs apart, corresponding
to the limit x → 0, the only fields appearing in the intermediate channel of a conformal
block for 〈µ(z1) · · ·µ(z4)〉 are those which appear in the fusion of χ0,0 with itself. The 4pt
function (60) has logarithmic singularities at x = 0 and x = 1. Analytic continuation of
the hypergeometric function yields
F (1− x) = −1
π
(
ln(x/16)F (x) +M(x)
)
,
where M(x) is some regular function vanishing at the origin. We thus have
〈µµµµ〉 = |z12z34| 12 |x(1− x)| 12
{
C1|F (x)|2 + C2
(
( ln(x)F (x) +M(x))F (x) + c.c.
)}
, (61)
with constants C1, C2. Conformal blocks can be calculated perturbatively with the tech-
niques of Appendix B of [1]. The first summand in (61) can indeed be identified as the
conformal block for coupling through the vacuum. However, the second summand has a
contribution with a ln(x) behaviour for small values of the cross-ratio x. It was argued in
[10] that this implies the appearance of “logarithmic” operators in the operator product
expansion χ0,0(z)χ0,0(0). These operators correspond to 2-dimensional Jordan cells for L0
and L¯0. The perturbative calculation of conformal blocks can be adapted to such “log-
arithmic” operators and reproduces exactly the second summand in (61) if one couples
through a field ω(z, z¯) with operator product expansions,
T (z)ω(w, w¯) ∼ 1
(z − w)2 +
∂ω(w, w¯)
z − w , (62)
T¯ (z¯)ω(w, w¯) ∼ 1
(z¯ − w¯)2 +
∂¯ω(w, w¯)
z¯ − w¯ . (63)
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Such a field does not exist in the twisted (ξ, η) system nor the twisted “small” algebra
since there L0 is always diagonalisable. While the twisted (ξ, η) system has well-defined
fusion albeit involving reducible representations of the Virasoro algebra, the twisted “small”
algebra is not closed under fusion. To define a consistent conformal field theory one has
to extend the space of states to include two-dimensional Jordan cells for L0 and L¯0. Let
us therefore consider a representation of the chiral “small” algebra containing it. We
assume L0 has a lowest eigenvalue on the representation such that the energy is bounded
from below. On the lowest energy subspace all positive modes of ψ± vanish and we have
L0 = ψ
−
0 ψ
+
0 because of the normal ordering prescription. The zero modes of ψ
± form
a two-dimensional Grassmann algebra. The lowest energy subspace will decompose into
representations of that Grassmann algebra. Its maximal indecomposable representation is
four-dimensional, spanned by {Ω, φ±, ω} such that
ψ∓0 φ
± = ±iΩ, ψ±0 ω = iφ±, L0ω = Ω, (64)
and the other actions vanish. The factors of i are chosen to agree with the conventions of
the following section. From (64) we see that L0 has zero eigenvalue on the lowest energy
subspace with (ω,Ω) forming a two-dimensional Jordan cell. The full representation is
generated from (64) by the free action of the negative modes of ψ±. For any state built
on the Mo¨bius invariant vacuum state Ω, corresponding to a state of the “small” algebra,
there are three other states in the representation generated from (64) built on φ± and
ω. The maximal extension of the chiral “small” algebra has thus four ground states, two
bosonic states {Ω, ω} in a Jordan block and two fermion states φ± of conformal weight
zero. In a non-chiral model we can have at most 16 ground states corresponding to the
product of the left times the right maximal extension.
4 Symplectic fermions
In this section we will present a construction for the maximal diagonal extension of the
non-chiral “small” algebra based on “symplectic” fermions. Specifically we consider a free
fermionic field Φ(z, z¯) taking values in a two-dimensional space with symplectic form Jαβ .
The action is
S =
1
4π
∫
d2zJαβ∂µΦ
α∂µΦβ , (65)
where Jαβ is the inverse of the symplectic form, JαβJ
βγ = δγα. The propagator is
〈Φα(z, z¯)Φβ(z′, z¯′)〉 = −Jαβ ln |z − z′|2. (66)
The general solution of the equations of motion is
Φα(z, z¯) = φα(z) + φ¯α(z¯), (67)
where φα and φ¯α are arbitrary functions of their respective arguments, subject only to
periodicity or boundary conditions. Invariance of the action under σ 7→ σ+2π implies the
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mode expansion
φα(z) = φα0 − iψα0 ln z + i
∑
n 6=0
ψαn
n
z−n, (68)
and analogously for φ¯α(z¯). The chiral fields φα, φ¯α are not completely independent but are
coupled through their zero-modes. The periodicity condition Φα(e2πi z, e−2πi z¯) = Φα(z, z¯)
implies ψα0 = ψ¯
α
0 on the physical states. Thus, the zero-mode algebra acting on physical
states involves only the combinations
Φα0 = φ
α
0 + φ¯
α
0 , Ψ
α
0 =
1
2
(ψα0 + ψ¯
α
0 ). (69)
The mode expansion for the non-chiral field Φα can then be written
Φα(z, z¯) = Φα0 − iΨα0 ln |z|2 + i
∑
n 6=0
ψαn
n
z−n +
ψ¯αn
n
z¯−n. (70)
The modes φα0 , ψ
α
n for n < 0 are creation modes while ψ
α
n for n ≥ 0 are annihilation modes.
We use the fermionic normal ordering prescription
:φα0ψ
β
0 : = −:ψβ0φα0 : = φα0ψβ0 , :ψαmψβn : =
{
ψαmψ
β
n for m < 0,
−ψβnψαm for m > 0. (71)
The propagator (66) then implies the anti-commutators
{ψαm, ψβn} = mJαβδm+n, {φα0 , ψβ0 } = {Φα0 ,Ψβ0} = iJαβ . (72)
The logarithmic propagator shows that correlators involving Φ require a careful treatment
of the infra-red and ultra-violet divergences. However, derivatives of Φ are without prob-
lems and reproduce the results of the previous section. The action is invariant under a
constant shift of the fermion fields, δΦα(z, z¯) = βα, resulting in the conserved currents
ψα(z) = i∂Φα(z, z¯), ψ¯α(z¯) = i∂¯Φα(z, z¯), (73)
which are the dimension one fermions of the previous section. Their propagators are
〈ψα(z)ψβ(w)〉 = Jαβ
(z−w)2
, 〈Φα(z, z¯)ψβ(w)〉 = iJαβ 1
z−w
,
〈ψ¯α(z)ψ¯β(w)〉 = Jαβ
(z¯−w¯)2
, 〈Φα(z, z¯)ψ¯β(w¯)〉 = iJαβ 1
z¯−w¯
,
〈ψα(z)ψ¯β(w¯)〉 = 0,
(74)
showing that the “small” algebra is contained in the symplectic fermion model. The stress
tensor obtained from the action is
Tµν = −1
2
Jαβ∂µΦ
α∂νΦ
β +
1
4
gµνJαβ∂λΦ
α∂λΦβ . (75)
Its components in the complex basis are
T (z) =
1
2
Jαβ:ψ
α(z)ψβ(z):, T¯ (z¯) =
1
2
Jαβ :ψ¯
α(z¯)ψ¯β(z¯): (76)
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and the central charge is c = −2.
The vacuum representation is generated from the vacuum Ω by the action of the creation
modes Φα0 and ψ
α
−n, ψ¯
α
−n for n > 0. The partition function is thus D0,0(τ) as for the (ξ, η)-
system. In particular, there are four states of dimension zero, the two fermionic states
Φα0Ω, the vacuum state Ω and another bosonic state
ω =
1
2
JαβΦ
α
0Φ
β
0Ω. (77)
The fermionic states Φα0Ω are eigenstates of L0 and L¯0 while the vacuum and ω form a
two-dimensional Jordan cell to the eigenvalue zero for L0,
L0ω = L¯0ω = Ω
From this one finds the operator product expansion of the field ω(z, z¯) with the stress
tensor as in (62) and (63) indicating that ω(z, z¯) does indeed provide the “logarithmic”
operator required in the 4pt functions of twist fields [10].
The symplectic fermions provide a non-chiral version of the maximal extension of the
“small” algebra discussed in the previous section. It is non-chiral since the left and right
zero modes are coupled through the periodicity condition. The (ξ, η) system and the
symplectic fermions both have four ground states and are two different subtheories of the
product theory generated by the “chiral” fields φα(z) and the “anti-chiral” fields φ¯α(z¯).
This product theory is rather problematic, however, since the “chiral” fields are not mero-
morphic functions of the coordinates z but have a log(z) dependence as well. Specifically,
setting ψ−0 ≡ 0 and ψ¯−0 ≡ 0 removes their partners φ+0 , φ¯+0 from the theory and we obtain
the (ξ, η) system with the identification ξ = φ−, η = i∂φ+ and ξ¯ = φ¯−, η¯ = i∂¯φ¯+. The
field ξ is then a proper chiral field since the troublesome log(z) term has been removed by
the ψ−0 ≡ 0 condition. If instead we take the diagonal choice, ψ±0 ≡ ψ¯±0 , we obtain the
symplectic fermions. Setting both ψ±0 ≡ 0 and ψ¯±0 ≡ 0 yields the “small” algebra.
4.1 SL(2) symmetry
The action (65) is invariant under SL(2) transformations on the field Φ. We write an
infinitesimal transformation as
δΦα(z, z¯) = −iΛa(z, z¯)daαβ Φβ(z, z¯), (78)
where the daαβ are representation matrices for the two-dimensional representation of sl(2),
see Appendix B for conventions used. Noether’s theorem then leads to currents
Ja(z, z¯) =
i
2
daαβ :Φ
α(z, z¯)ψβ(z):, J¯a(z, z¯) =
i
2
daαβ:Φ
α(z, z¯)ψ¯β(z¯):, (79)
where we wrote explicitely the dependence on the holomorphic and anti-holomorphic co-
ordinate and daαβ = d
aγ
α Jγβ . The currents are conserved,
∂¯Ja + ∂J¯a = 0. (80)
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Since the currents contain the field Φ directly they require careful renormalisation beyond
the normal ordering prescription (71). However the charges are well-defined,
Qa =
1
2πi
∫
(Ja dz − J¯a dz¯)
= daαβ
{
iΦα0Ψ
β
0 +
∞∑
n=1
(
ψα−nψ
β
n
n
+
ψ¯α−nψ¯
β
n
n
)}
.
and satisfy an sl(2) algebra,
[Qa, Qb] = fabc Q
c. (81)
One can check explicitly that the fermion field Φ transforms under the two-dimensional
representation of SL(2),
[Qa,Φα(z, z¯)] = daαβ Φ
β(z, z¯), (82)
and that the fundamental propagator (66) is invariant under the SL(2) transformations
generated by Qa. Thus, the SL(2) symmetry of symplectic fermion model (65) remains
valid in the quantum theory.
4.2 Orbifolds
Given a modular invariant conformal field theory with a (finite) symmetry group Γ one can
construct another such theory as the orbifold by Γ [18, 19]. In the Hamiltonian picture the
orbifold theory is obtained by adding twisted sectors, corresponding to field configurations
which close along the “space” cycle of the torus only up to an element h ∈ Γ, and then
projecting onto group invariant states. In the Lagrangian picture this corresponds to a
sum over partition functions with different boundary conditions: For g, h ∈ Γ we denote
the partition function of the h-twisted sector with an insertion of the operator g as
g✷
h
= trMh
(
gqL0−
c
24 q¯L¯0−
c
24
)
. (83)
The Γ-orbifold partition function is then obtained as
Z[Γ] =
1
|Γ|
∑
g,h∈Γ
gh=hg
g✷
h
. (84)
If Γ is non-abelian, boundary conditions twisted by non-commuting group elements are
not consistent, hence the condition gh = hg [20].
In the case at hand we are interested in orbifolds of the symplectic fermion model (65)
by finite subgroups of SL(2). These are the binary cyclic groups CN , the binary dihedral
groups DN and the binary tetrahedral, octahedral and icosahedral group T ,O, I. We
will not pursue the CN orbifolds for N odd since they contain fermions and the modular
invariant partition function resulting from sum over spin structures is the same as that for
the C2N -orbifold.
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Consider first the (abelian) binary cyclic group of even order C2N . We choose a torus T
containing the cyclic group, C2N ⊂ T ⊂ SL(2). The generator of the torus can be written
as Kβα = nad
aβ
α , with n
2
1 + n
2
2 − n20 = 1, that is, the vector n = (n0, n1, n2) is a unit vector
with respect to the metric η on the group SL(2) (see Appendix B). The cyclic group
C2N is then generated by h = exp(2πiQ/N), where Q = naQa. The fermion field Φ has
two components Φ± with eigenvalues ±1/2 under Q. As in the (ξ, η) system we introduce
twisted sectors Mλ, with boundary conditions
Φ±(e2πi z, e−2πi z¯) = e±2πiλ Φ±(z, z¯). (85)
For the C2N orbifold λ will take the values λ = k/(2N) with k = 1, . . . , 2N − 1. The
boundary conditions imply that Φ± has spin ±λ and can be expanded in modes as
Φ±(z, z¯) = i
∑
m∈Z
(
ψ±m∓λ
m∓ λz
−m±λ +
ψ¯±m±λ
m± λz¯
−m∓λ
)
. (86)
The ground state energy in the twisted sector is as before
hλ = h¯λ =
λ(λ− 1)
2
. (87)
We can again introduce the C2N ×Vir character
Dµ,λ(τ) = trMλ
(
e4πiµQ qL0−
c
24 q¯L¯0−
c
24
)
= (qq¯)(1−6λ(1−λ))/12
∞∏
n=1
∣∣∣1 + e2πiµ qn+λ−1∣∣∣2 ∣∣∣1 + e−2πiµ qn−λ∣∣∣2 (88)
= |dµ,λ(τ)|2.
which equals the character for the (ξ, η) system. Hence the partition function is the same
as for the C2N twisted (ξ, η) system,
Z[C2N ] = ZN . (89)
To calculate the partition function Z[Γ] for non-abelian Γ we follow [6] and add the con-
tributions of the mutually commuting subsets of Γ, which form cyclic groups, subtracting
any overcounting. As in [6] the result is
Z[DN ] = 1
2
(ZN + 2Z2 − Z1), (90)
Z[T ] = 1
2
(2Z3 + Z2 − Z1), (91)
Z[O] = 1
2
(Z4 + Z3 + Z2 − Z1), (92)
Z[I] = 1
2
(Z5 + Z3 + Z2 − Z1). (93)
Here, of course, one has to keep in mind that Zn(τ) corresponds to a Coulomb gas partition
function at radius n
√
2 and not n as for c = 1.
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4.3 Marginal operators
Deformations of a conformal field theory, preserving conformal invariance and central
charge c, are generated by marginal operators, that is, bosonic operators of conformal
weights (1, 1). In the maximal bosonic theory, the C2-model, we have eight bosonic weight
(1, 1) operators, four of which are obtained as products of left times right weight one
fermions,
U(z, z¯) =
1
2
Jαβψ
α(z)ψ¯β(z¯), V a(z, z¯) =
1
2
daαβψ
α(z)ψ¯β(z¯). (94)
The other four are obtained by multiplying with the “logarithmic” field ω = 1
2
JαβΦ
αΦβ,
U˜(z, z¯) =
1
4
JαβJγδ:ψ
α(z)ψ¯β(z¯)Φγ(z, z¯)Φδ(z, z¯):, (95)
V˜ a(z, z¯) =
1
4
daαβJγδ:ψ
α(z)ψ¯β(z¯)Φγ(z, z¯)Φδ(z, z¯):. (96)
The latter operators can also be obtained from the sl(2) currents,
:Ja(z, z¯)J¯ b(z, z¯): = −1
4
fabc V˜
c(z, z¯)− 1
4
gabU˜(z, z¯). (97)
The operators U, U˜ and V a, V˜ a transform as singlets and triplets, respectively, under the
charge algebra,
[Qa, U(z, z¯)] = 0, [Qa, V b(z, z¯)] = fabc V
c(z, z¯),
[Qa, U˜(z, z¯)] = 0, [Qa, V˜ b(z, z¯)] = fabc V˜
c(z, z¯).
(98)
These operators have vanishing 3pt functions, an integrability condition which ensures they
remain marginal when the perturbation is switched on [21, 22].
The effect of a perturbation by U is a change the normalisation of the action since U
is precisely the operator appearing in the action,
U = −1
4
∂µΦ
α∂µΦβ . (99)
Under a rescaling of the action, S 7→ λS, the charge algebra (81) and the Virasoro algebra
with central charge c = −2 remain unchanged. However,
T (z)ω(w, w¯) ∼ λ
(z − w)2 +
∂ω(w, w¯)
z − w , (100)
T¯ (z¯)ω(w, w¯) ∼ λ
(z¯ − w¯)2 +
∂¯ω(w, w¯)
z¯ − w¯ . (101)
Perturbing with U thus corresponds to change of relative normalisation of the basis states
within each L0 Jordan block. It only affects the “logarithmic” sector of the Virasoro
symmetry and is independent of the SL(2) symmetry. In particular, perturbing an orbifold
theory Z[Γ] by U will not take us out of the orbifold.
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To consider perturbations by the marginal operators V a let us pick as before a vector
n with n21 + n
2
2 − n20 = 1. Perturbing by V = naV a yields the action
Sλ[Φ
α] = S +
iλ
2π
∫
d2zV
=
∫
d2z
2π
{
∂Φα
(
Jαβ − iλ
4
Kαβ
)
∂¯Φβ + ∂¯Φα
(
Jαβ +
iλ
4
Kαβ
)
∂Φβ
}
, (102)
where Kαβ = nad
a
αβ. The equations of motion and the propagator are the same as for the
unperturbed theory. In fact, the perturbed action can be related to the original action by
a field redefinition. Define new fields
Φ˜α(z, z¯) = (eiΛK)αβφ
β(z) + (e−iΛK)αβ φ¯
β(z¯), (103)
where Φβ(z, z¯) = φβ(z) + φ¯β(z¯). We then obtain
S[Φ˜α] = cosΛ
∫
d2z
2π
{∂Φα(Jαβ + i tanΛKαβ)∂¯Φβ + ∂¯Φα(Jαβ − i tanΛKαβ)∂Φβ} (104)
Thus, Sλ[Φ˜
α] is the same as the original action S[Φα] with the identification Λ = − arctan(λ/4),
apart from a rescaling by cosΛ = (λ2+1/16)−1/2. Hence, the perturbation does not change
the theory and its only effect is a change of basis from Φ to Φ˜ which can be accomplished
by acting with the operator exp(iΛQ−), where
Q− = Kαβ
∞∑
k=1
(
ψα−kψ
β
k
k
− ψ¯
α
−kψ¯
β
k
k
)
. (105)
We expect that perturbing by U˜ , V˜ a again only results in internal transformations of the
theory since the operators U˜ , V˜ a are the “logarithmic” versions of U, V a.
The marginal operators in the orbifold models Z[Γ] are those marginal operators of the
C2 model which are invariant under Γ. Since U and U˜ are SL(2) singlets they survive for
any Γ. The cyclic orbifolds Z[C2N ], N > 1 contain in addition the two operators V = naV a
and V˜ = naV˜
a. However, these marginal operators effect only internal isomorphisms and
thus the orbifold models are isolated theories not linked by any c = −2 marginal flows.
There is a simple argument that the C2N orbifolds are not linked by a marginal flow
along the circle line of Gaussian model partition functions even though all the C2N orbifold
partition functions Z[C2N ](τ) = Z(n
√
2, τ) lie on that line. For Z(ρ, τ) to describe a
c = −2 model it needs at least a vacuum state with h = h¯ = 0. This corresponds to a
term of the form |η(τ)−1q1/8|2 in the partition function (19). Thus we need (mρ+n/ρ)2 =
(mρ − n/ρ)2 = 1/2 for some integers m and n which can only be satisfied if ρ = n√2 or
ρ = 1/(m
√
2). The circle line of the Gaussian model can, however, be interpreted for each
Z[C2N ] model as a flow with the central charge varying with radius as c = 1− 6N2/ρ2 but
leaving the effective central charge invariant, ceff = 1. For ρ → 1 we flow to the SU(2)
level one WZW model with a state of weight N2/4 taken as the vacuum state.
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5 Discussion
We discussed two different conformal field theories at c = −2 — the (ξ, η) system and the
symplectic fermions — and their orbifold theories. Both theories have the same partition
function and identical primary field content and contain reducible but indecomposable
representations of the Virasoro algebra. The “small” algebra is a chiral algebra contained
in both the (ξ, η) system and the symplectic fermions. The fusion of twist fields yields the
“logarithmic” operators extending the “small” algebra to a theory of symplectic fermions.
These have an SL(2) symmetry and orbifolds with respect to finite subgroups of SL(2) have
modular invariant partition functions reminiscent to the classification of c = 1 modular
invariant partition functions. The partition function for the symplectic fermion theories
sees only the semi-simple part of L0 since the nilpotent part drops out on taking the
trace. For an attempt to define a partition function, based on a different notion of trace,
which explicitly displays the logarithmic behaviour see [14]. The orbifold models possess
marginal operators which, however, only generate internal symmetries and do not result
in flows between different orbifold models.
Fusion in conformal field theory can be formulated algebraically using the notion of a
ring-like tensor product of representations of the chiral algebra introduced by Borcherds
and developed in [23], see also [24]. We intend to give an account of structure and fusion of
“logarithmic” representations at c = −2 in a forthcoming communication [25]. While “log-
arithmic” fields can be studied as representations of the Virasoro algebra using the methods
presented here their interpretation in an operator formalism and physical significance re-
main unclear. The roˆle of the ground state degeneracy and the correct renormalisation
procedure of composite operators need to be investigated further.
The significance of this study goes beyond the c = −2 case: For any c = 1−6(p−p′)2/pp′
from the minimal series, apart from the usual minimal model, there is also a conformal field
theory containing “logarithmic” operators. If the Virasoro highest weight representation
generated from the vacuum is irreducible the proof of Feigin and Fuchs [26] of the Virasoro
fusion rules applies and one obtains a minimal model. But if one includes fields from the
edge of the Kac-table the vacuum representation becomes reducible and the appearance
of “logarithmic” operators is unavoidable. This indicates the possibility of a wide range
of two-dimensional critical phenomena where it is not sufficient to restrict to scaling fields
alone but where the product of scaling fields yields logarithmic deviations from scaling.
The case c = −2 is of interest also in two-dimensional quantum gravity since a c = −2
matter system coupled to gravity is exactly solvable [27, 28] in terms of a matrix model
[29, 30]. The action for the matter system is precisely the action for the symplectic fermions
presented here. An interesting question is whether the logarithmic scaling violations ob-
served in the matrix model [30] are related to the “logarithmic” operators of the symplectic
fermions.
Let us finally consider the implications for two dimensional polymers. In [8] H. Saleur
argued that the dense phase of two-dimensional polymers could be described by a (ξ, η)-
system. Specifically, the (ξ, η)-system describes the sector formed by an even number
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of non-contractible polymers with modular invariant partition function Zeven = Z1.
2 In
addition there is a sector formed by an odd number of non-contractible polymers with
partition function Zodd = Z2 − Z1 which corresponds to a Z4 twist of the (ξ, η)-system.
The total polymer partition function is the partition function Z2 of the C4-orbifold of the
(ξ, η)-system. This result was obtained by realising dense polymers as the n → 0 limit
of the low temperature phase of the O(n) model which in turn can be mapped onto a
Coulomb gas. It agrees with the scaling dimensions
xDL =
L2 − 4
16
. (106)
for the polymer L-leg operators ΦL found by Duplantier [31]. However, the limit n → 0
does not commute with the thermodynamic limit. Furthermore, the physical quantities
which have been determined for dense polymers, the partition function Z2 and the scaling
dimensions (106), are shared by the C4 orbifold of both the (ξ, η) system and the symplectic
fermions. The Virasoro primary field content of both models is the same, they differ only
in the reducible Virasoro representations which are unavoidably present. A quantum field
theory description of dense polymers will require a new class of fields which form reducible
representations of the Virasoro algebra. It is an interesting question whether one can see
these fields in a lattice model of polymers and whether one can then distinguish between
the twisted (ξ, η) system and symplectic fermions. Numerical studies on the lattice are
likely to be difficult since one has to determine 4pt functions in order to see these reducible
Virasoro representations. A further interesting question is whether one can see the SL(2)
symmetry of the Neveu-Schwarz and Ramond sectors in the geometrical description of the
lattice model. These considerations apply equally to the dilute phase of polymers and
percolation problems since these are described by a non-minimal c = 0 conformal field
theory which allows “logarithmic” operators.
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A Theta functions
The characters dµ,λ have symmetry properties
dµ+1,λ(τ) = e
−2πiλ dµ,λ(τ), (107)
2There is an error in eq. (37) of [8] which states Zeven =
1
2
Z1. However, since the partition function Z1
has a unique ground state it can not be divided by two and it can be easily checked that the expression
given here is correct and indeed follows from eq. (24) in [8]
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dµ,λ+1(τ) = dµ,λ(τ), (108)
d−µ,−λ(τ) = e
−2πiµ dµ,λ(τ). (109)
For N even we can write dk/N,l/N(τ) as a sum of theta functions,
dk/N,l/N(τ) = η(τ)
−1 e−2πikl/N
2
N−1∑
n=0
e2πikn/N ΘNn+l−N/2,N2/2(τ), (110)
while for N odd we have
dk/N+ǫ/2,l/N+ǫ′/2(τ) = η(τ)
−1 e−πi(2k+Nǫ)(2l+Nǫ
′)/2N2 ×
×
2N−1∑
n=0
e2πikn/N
(
Θ2Nn+2l+(ǫ′−1)N,2N2(τ) +
(−1)ǫΘ2N2+2Nn+2l+(ǫ′−1)N,2N2(τ)
)
, (111)
where ǫ, ǫ′ are zero or one and label the different spin structures. Under T : τ 7→ τ + 1 we
have
dµ,λ(τ + 1) = e
2πi(λ(λ−1)/2+1/12) dµ+λ,λ(τ). (112)
For the transformation under S: τ 7→ −τ−1 we have
η(−τ−1)−1Θn,m(−τ−1) = 1√
2m
2m−1∑
n′=0
e−πinn
′/m η(τ)−1Θn′,m(τ) (113)
and thus for N even we obtain
dk/N,l/N(−τ−1) = eπi/2 e−2πi(k/N+1/2)(l/N) d1/2−l/N,1/2+k/N (τ). (114)
B The Lie algebra sl(2)
For the convenience of the reader we list here relations for the Lie algebra sl(2) used above.
We use Greek letters (α, β, γ, . . .) for indices referring to the fundamental representation of
sl(2) and letters (a, b, c, . . .) for Lie algebra indices. All relations written in purely tensorial
notation are independent of the choice of basis.
The generators of sl(2) are 2× 2 matrices (da)βα satisfying
[da, db] = fabc d
c, (115)
where fabc are the structure constants of sl(2) in the chosen basis. The Killing metric on
sl(2) is defined as
gab = tr(dadb) = daβα d
bα
β . (116)
The symplectic form Jαβ and its inverse Jαβ can be used to raise and lower indices,
daαβ = d
aγ
α Jγβ, d
aαβ = Jαγdaβγ (117)
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and analogously for the metric gab and its inverse gab. The product of two representation
matrices is
daβα d
bγ
β = d
a
αβd
bβγ =
1
2
fabc d
cγ
α +
1
2
gabδγα. (118)
Since the square of the fundamental representation decomposes into the trivial and adjoint
representation we also have
δγαδ
δ
β = −
1
2
JαβJ
γδ + daαβd
γδ
a . (119)
Contracting the above relation yields
dβaαd
aγ
β =
3
2
δγα. (120)
A convenient basis to use is the orthonormal basis
d0βα =
1
2
(
0 −1
1 0
)
, d1βα =
1
2
(
0 1
1 0
)
, d2βα =
1
2
(
1 0
0 −1
)
,
with commutation relations
[da, db] = ǫabcηcdd
d, (121)
where ηab = diag(−1, 1, 1). The compact generator d0 is anti-symmetric while the non-
compact generators d1, d2 are symmetric. The matrices with both indices up or down read
in this basis
d0αβ =
1
2
(−1 0
0 −1
)
, d1αβ =
1
2
(
1 0
0 −1
)
, d2αβ =
1
2
(
0 −1
−1 0
)
. (122)
An normalised sl(2) element can be written as
Kβα = nid
iβ
α , (123)
where n is a unit-vector with respect to the metric η, n21 + n
2
2 − n20 = 1. Such an element
K satisfies
KβαK
γ
β =
1
4
δγα,
(
eiΛK
)β
α
= cos
Λ
2
δβα + i sin
Λ
2
Kβα (124)
Furthermore, Kαβ = K
γ
αJγβ is symmetric. From this we obtain
(
eiΛK
)γ
α
Jγδ
(
e−iΛK
)δ
β
= cosΛJαβ + i sin ΛKαβ . (125)
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